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Twisted Bilayer graphene (TBG) is known to feature isolated and relatively flat bands near charge
neutrality, when tuned to special magic angles. However, different criteria for the magic angle such
as the vanishing of Dirac speed, minimal bandwidth or maximal band gap to higher bands typically
give different results. Here we study a modified continuum model for TBG which has an infinite
sequence of magic angles θ at which, we simultaneously find that (i) the Dirac speed vanishes (ii)
absolutely flat bands appear at neutrality and (iii) bandgaps to the excited bands are maximized.
When parameterized in terms of α ∼ 1/θ, they recur with the simple periodicity of ∆α ≃ 3/2,
which, beyond the first magic angle, differs from earlier calculations. Further, in this model we
prove that the vanishing of the Dirac velocity ensures the exact flatness of the band and show that
the flat band wave functions are related to doubly-periodic functions composed of ratios of theta
functions. Also, using perturbation theory up to α8 we capture important features of the first magic
angle θ ≈ 1.09◦ (α ≈ 0.586), which precisely explains the numerical results. Finally, based on our
model we discuss the prospects for observing the second magic angle in TBG.
Introduction. The recent discovery of correlated insu-
lators and seemingly unconventional superconductivity
in twisted bilayer graphene (TBG) [1, 2] has revived in-
terest in TBG [3–34]. Importantly, these phenomena are
observed in a narrow range of twist angles near 1.05◦,
i.e. the first magic angle where isolated and relatively
flat band appear near the chemical potential [35–38]. To
date, the origin and recurrence of the magic angles is not
clear, even whether it is a fundamental feature or the
outcome of a numerical coincidence. By slightly mod-
ifying the continuum model of TBG we show that the
appearance of the exactly flat band is a fundamental fea-
ture, with a remarkable mathematical structure that is
exposed in this Letter.
Two graphene sheets placed on top of each other af-
ter twisting by a small relative angle form a long-period
density wave pattern (Moire´ pattern). For small angles θ,
the distinction between commensurate and incommensu-
rate structures can be ignored, giving the lowest branch
of Moire´ periods as L(θ) = a0/2 sin θ/2 (a0 is lattice con-
stant). The question of the electronic spectrum at arbi-
trary small angles was studied by Lopes dos Santos et
al. [39], and by Bistritzer and MacDonald and others
[35–38] using a continuum model who reported appear-
ance of the flat band at a set of magic angles starting at
θ∗1 ≈ 1.05◦. More recently, several groups have used the
continuum model and studied the role of topology of flat
bands near the magic angles [3, 5, 8, 14, 22, 24, 40–42].
However, despite recent advances the origin of the magic
angles in TBG remains mysterious.
In this Letter, we refine the notion of the magic angle
as the angle where the full band becomes flat; a more
stringent requirement than the previous definition based
on the vanishing of Fermi velocities at the Moire´ Dirac
points. For this, we introduce a slight variant of the
traditionally studied continuum model, which is param-
eterized by two constants w0 and w1 which denote the
inter-layer coupling in the AA and AB&BA regions re-
spectively. Early studies [35, 36, 38, 39] set w0 = w1
which we denote as the Bistritzer-MacDonald continuum
model (BM-CM). Here instead we consider the contin-
uum model with w0 = 0, which acquires a chiral sym-
metry (a unitary particle-hole symmetry) which we call
the chirally symmetric continuum model (CS-CM). Previ-
ously, the w0 and w1 terms were related to the scalar and
non-Abelian vector potential perturbations of the Dirac
fermions in Ref. [43] and our approximation corresponds
to switching off the scalar part. In the CS-CM where we
switch off AA coupling completely but keep AB and BA
finite, to our surprise a number of physical phenomena
converge to the magic angles. Not only do the Fermi
velocities of the Moire´ Dirac points vanish, but under
these conditions the band becomes perfectly flat at the
recurrent set of magic angles (see Fig. 1). Moreover, the
band gap to the excited bands is maximized at the same
set of angles. We conclude that this is the fundamen-
tal model that captures the essence of the magic angle
phenomena, which continues to influence the physics on
tuning away from this special point. Here we explore
the CS-CM model in more detail, both analytically and
numerically, and finally discuss restoring the w0 pertur-
bation. While this model is motivated by its remarkable
properties, interestingly we note that in the presence of
lattice relaxation, the AB&BA regions expand at the
expense of the AA regions effectively leading to a contin-
uum model for TBG with reduced AA coupling[24], i.e.
with w0/w1 < 1, enhancing the direct relevance of our
model to the experimentally realized system.
Yet another connection that we find is the close
relation between the Bloch wave function at the Dirac
points and the magic angles. At the magic angles, these
spinor wave functions vanish at the AB or BA sites of
the Moire´ unit cell. Furthermore, the wave functions of
the flatband at all crystal momenta can be analytically
2derived, if it is known at one point in the Brillouin
Zone. An interesting mathematical aspect here is that
the wave function ratios are constructed from meromor-
phic doubly-periodic functions that are ratios of theta
functions, similar to those appearing in the Quantum
Hall Effect on the torus [44]. The CS-CM has a single
coupling constant α = w1/(2v0kD sin(θ/2)) where v0
and kD are the bare velocity and crystal momentum
of graphene’s Dirac fermions. We show that pertur-
bation theory to high orders (up to α8) matches with
numerical results very accurately near the first magic
angle. The sequence of magic angles that we find α =
0.586, 2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345,...
reveals a remarkable asymptotic quasi-periodicity of
∆α ≃ 3/2. Comparing with the reported magic angles
for the BM-CM, we see significant differences except for
the first magic angle, see Table I. We finally turn on the
AA-coupling and study numerically how the bandwidth
and gap evolves and discuss the possibility of studying
the second magic angle in experiments.
Continuum model for Twisted Bilayer Graphene. The
continuum model describing a single valley of TBG con-
α1 α2 α3
α1 = 0.586 α2 = 2.221 α3 = 3.751
Bandwidth
E
n
e
r
g
y
0
0.4
0.8
E
n
e
r
g
y
1.5
1.0
0.5
0
A B C D A A B C D A A B C D A
0
0.1
0.2
0.3
0.4
-0.4
-0.3
-0.2
-0.1
-0.08
-0.06
-0.04
-0.02
0.02
0.04
0.06
0.08
0
-1.5
-1.0
-0.5
exact
zeros
A
B
C
D
K
K
Γ
Γ
1 2 3 4 5 6 α0
0
0.1
0.2
0.3
0.4
0.5
1 2 3 4 5 6 α0
E
n
e
r
g
y
Band gap
1.2
1.6
2.0
a. b. c.
d. Moire´ BZ
e.
f.
FIG. 1. Absolutely flat bands in continuumTBG Hamiltonian
(1) with w0 = 0 : in this model, the absolutely flat band ap-
pears at exact values of magic angles α = 0.586, 2.221, 3.751,
etc, where α = w1/(v0kθ). Energy is given in dimensionless
units ε = α(E/w1). On subfigures (a-c), the band is numer-
ically flat up to accuracy 10−16. (d) Moire´ Brillouin Zone.
(e-f): The bandwidth for the lowest two bands vs α. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.
TABLE I. Comparison of magic angles in continuum model
with w0 = 0 (first row) and with w0 = w1 (second row). Only
the first magic angles correspond.
α1 α2 α3 α4 α5
CS-CM (here) 0.586 2.221 3.75 5.28 6.80
BM-CM (Ref. [35]) 0.606 1.27 1.82 2.65 3.18
siders two layers of graphene described by an effective
Dirac fields near K,K ′ points of the moire (mini) Bril-
louin Zone, each rotated by an angle ±θ/2, and coupled
through a Moire´ potential T (r) [3, 14, 35, 39]:
H =
(
−iv0σθ/2∇ T (r)
T †(r) −iv0σ−θ/2∇
)
, (1)
where σθ/2 = e
− iθ
4
σz (σx, σy)e
iθ
4
σz , ∇ = (∂x, ∂y) and
T (r) =
3∑
j=1
Tje
−iqjr (2)
with q1 = kθ(0,−1), q2,3 = kθ(±
√
3/2, 1/2) and
Tj+1 = w0σ0 + w1
(
cos(φj)σx + sin(φj)σy
)
, (3)
where φ = 2pi/3, kθ = 2kD sin(θ/2) is the Moire´ mod-
ulation vector and kD = 4pi/(3a0) is the magnitude of
the Dirac wave vector, where a0 is the lattice constant
of monolayer graphene. The Hamiltonian (1) acts on the
spinor Φ(r) = (ψ1, χ1, ψ2, χ2)
T and the indices 1, 2 rep-
resent the graphene layer. Here w0 is responsible for the
AA coupling and w1 is for AB and AB couplings.
Chirally symmetric continuum model. In this Letter,
we study a model obtained from Hamiltonian (1) by set-
ting w0 = 0 [45]. Note, one can rotate the spinors to
eliminate the rotation in the kinetic terms σ±θ/2 → σ in
the absence of the w0 term. The dimensionless Hamilto-
nian now acts on a spinor Φ(r) = (ψ1, ψ2, χ1, χ2)
T, and
can be compactly written in the form
H =
(
0 D∗(−r)
D(r) 0
)
, D(r) =
(
−2i∂¯ αU(r)
αU(−r) −2i∂¯
)
,
(4)
where ∂¯ = 12 (∂x + i∂y) and U(r) = e
−iq1r + eiφe−iq2r +
e−iφe−iq3r. The Hamiltonian H has only one dimension-
less parameter α = w1/(v0kθ) which fully controls the
physics of the system. A similar idea of switching off
the parameter w0 was investigated in Ref.[43]. It was ar-
gued there that the Hamiltonian (4) can be represented
as H = σ(−i∇ + αA) and viewed as the Hamiltonian
for Dirac fermions propagating in a background SU(2)
non-Abelian field A.
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FIG. 2. Magic angle recurrence: a) Fermi velocity (vF =
|∂kEk|K,K′) at moire Dirac points as function of α (logarith-
mic scale). The first few magic angles are given by α = 0.586,
2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345, etc. We clearly
see that the sequence of magic angles follows the approximate
”3/2” rule: the distance between two adjacent α is ”quan-
tized” with approximately 3/2 steps which saturate to 1.5 as
α→∞, see subfigure (b).
The band structure of the Hamiltonian (4) has some
remarkable properties. First, the Hamiltonian is particle-
hole-symmetric, {H, σz ⊗ 1} = 0, which implies the
spectrum to be symmetric with respect to zero energy.
Second, the entire lowest band becomes absolutely flat
(ε0(k) = 0 for all k in mBZ) at the recurrent values
of α corresponding to the magic angles θ of this model
(see Fig. 1). The first magic angle of this model is given
by α1 ≈ 0.586, which corresponds to θ ≈ 1.09◦ on tak-
ing w1 = 110meV and 2v0kD = 19.81eV. Moreover,
the magic angle sequence in our model reveals a sim-
ple quasiperiodicity in α with period ∆α ≃ 3/2 (see Fig.
3). However, in the continuum model with w0 6= 0 this
feature is smeared out with increasing w0 (see discus-
sion below). All these remarkable features of the chirally
symmetric continuum model (4) indicate that this model
captures the origin of the magic angles in the most precise
way.
Zero mode equation and Fermi velocity. We start from
the fact that model (4) has two zero modes at the points
K and K ′ of the mBZ for arbitrary α. This can be seen
starting from α = 0. In this limit there are clearly four
zero modes for eqn. 4, two each from the Dirac point
in each layer. While the Dirac points in the two lay-
ers differ in crystal momentum, the pair of zero modes
of each Dirac point differ in their C3 rotation eigenvalue
ω = ei2pi/3, and ω∗ = e−i2pi/3 see e.g. [3]. Thus each zero
mode is uniquely labeled by symmetry eigenvalues. Fur-
thermore, these symmetries commute with the particle-
hole transformation σz ⊗ 1. We can then consider each
zero mode individually. On turning on α gradually, which
preserves symmetry, each zero modes being unique must
remain at zero energy.
The equation for the zero mode at the K point,
D(r)ψK(r) = 0 reads in components(
−2i∂¯ αU(r)
αU(−r) −2i∂¯
)(
ψK,1(r)
ψK,2(r)
)
= 0 . (5)
Obviously if ψK(r) = (ψK,1, ψK,2)
T is a solution of (5),
then χK(r) = ψ
∗
K(−r) is a solution to D∗(−r)χK(r) = 0.
A general Bloch’s wave function ψk(r) with momentum
k in mBZ has the form
ψk(r) =
∑
m,n
(
amn
bmne
iq1r
)
ei(Kmn+k)r , (6)
where Kmn = mb1 + nb2 and b1,2 = q2,3 − q1 are the
two Moire´ reciprocal lattice vectors. The K point corre-
sponds to k = 0 and the renormalized Fermi velocity can
be found through the first-order perturbation theory
vF (α) =
∣∣∂k 〈ΦK |Vk|ΦK〉〈ΦK |ΦK〉
∣∣
k=0
, Vk =
(
0 k¯
k 0
)
, (7)
where k, k¯ = (kx±iky)σ0 and ΦK(r) = (ψK , χK)T. Using
now relation χK(r) = ψ
∗
K(−r), we find the expression for
the Fermi velocity as a function of α,
vF (α) =
|〈ψ∗K(−r)|ψK(r)〉|
〈ψK |ψK〉 . (8)
A striking result of this paper is however not just the
vanishing of the Fermi velocity, but the flattening of the
entire lowest band. Below we show that it is possible to
find the absolute flat band solution because of a seem-
ingly unrelated property, that the entire zero mode spinor
at the Dirac point, ψK(r) vanishes exactly at the BA
stacking points and this happens precisely at the magic
angles.
Absolutely flat band. We now explain the origin of the
absolutely flat band HΦk(r) = ε0(k)Φk, ε0(k) = 0 in
our model. As follows from the Hamiltonian (4), the
appearance of the perfectly flat band at the set of magic
angles implies that equation
D(r)ψk(r) = 0 (9)
has a solution for arbitrary Bloch’s vector k in mBZ.
As we explained above this equation always has the zero
mode solutions ψK(r) at the point k = 0. To relate
solutions of (9) at arbitrary k to the zero-mode ψK(r),
we make a transformation to a new wave function ηk(r) =
S(r)ψk(r), with
S(r) =
1
ρK(r)
(
ψK,2(r) −ψK,1(r)
ψ∗K,1(r) ψ
∗
K,2(r)
)
, (10)
and ρK(r) = ψ
†
KψK is the density of the zero mode wave
function. Applying transformation S(r) to the operator
D(r), one finds
4SD(r)S−1 =
(
−2i∂¯ − 2i(∂¯ log ρK) 0
h(r) −2i∂¯
)
, (11)
where h(r) = ρ−1K (r)(ψ
∗
K,2)
2
(
2i∂¯(ψ∗K,1/ψ
∗
K,2) +
α(U(−r) − U(r)(ψ∗K,1/ψ∗K,2)2)
)
. From equation
(11) we see that the only possible solution for the first
component is ηk,1(r) = 0 [46]. The latest gives us an
important relation between the flat-band wave function
at the Dirac point K and the flat-band wave function at
an arbitrary mBZ point k precisely at the magic angles,
ψk,1(r)
ψk,2(r)
=
ψK,1(r)
ψK,2(r)
. (12)
Thus for the second component of the wave function
ηk(r) we have
∂¯ηk,2(r) = 0 , (13)
where ηk,2(r) = ψk,1(r)/ψK,1(r) = ψk,2(r)/ψK,2(r),
which obeys the Bloch-periodic boundary conditions
ηk,2(r + a1,2) = e
ika1,2ηk,2(r) , (14)
where a1,2 =
4pi
3kθ
(±
√
3
2 ,
1
2 ) are two Moire´ lattice vectors.
Equation (13) may have a non-trivial solution if only
the entire spinor ψK(r) become zero at some point. We
show below that exactly at the angles where vF (α) = 0,
ψK,1(r) and ψK,2(r) do both become zero at the point
r0 =
1
3 (a1 − a2) which correspond to BA stacking point
(see Fig. 3). Therefore we can find a meromorphic solu-
tion,
ηk,2(r) =
ϑka1
2pi
− 1
6
, 1
6
− ka2
2pi
(z/a1|ω)
ϑ− 1
6
, 1
6
(z/a1|ω) , (15)
where z = x + iy, a1 = (a1)x + i(a1)y , ω = e
iφ and
ϑa,b(z|τ) is the theta function with rational characteris-
tics a and b (see e.g. Ref.[47]),
ϑa,b(z|τ) =
+∞∑
n=−∞
eipiτ(n+a)
2
e2pii(n+a)(z+b) . (16)
Using the properties of the theta function [47], one can
verify that the meromorphic solution (15) obeys the peri-
odic boundary conditions (14). Thus at the magic angles
the wave functions ψk(r) of the exactly flat band read
ψk(r) =
ϑka1
2pi
− 1
6
, 1
6
− ka2
2pi
(z/a1|ω)
ϑ− 1
6
, 1
6
(z/a1|ω) ψK(r) . (17)
Note that under this construction, the zeros of ψK(r)
exactly cancel zeros of the theta function in the denomi-
nator.
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1
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ρK(r)First magic angle
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FIG. 3. (top) Schematic moire pattern with regions referred
to in the text marked. (bottom) Wave function density
ρK(r) = ψ
†
KψK in real space for a single zero mode at the
Dirac point: ρK(r) is localized on AA stacking and (exactly
at the magic angles) has zeros on the BA stacking locations.
Therefore, exactly at the magic angles, where
ψK(r0) = 0, the wave functions (17) satisfy the zero-
mode equation (9) for all k in mBZ. Thus we showed
that there is an perfectly flat band solution, ε0(k) ≡ 0.
Connection with the vanishing of Fermi velocity. Now
we show that zero Fermi velocity is connected to zero of
ψK(r). Analyzing symmetries of the zero-mode opera-
tor D(r) one can check that if ψK(r) is a solution to the
equation D(r)ψK(r) = 0, then ψK(Rφr) is also a solu-
tion, where Rφ denotes a counterclockwise rotation on
angle φ. Similarly one finds that
D(r ± r0)
(
ψK,1(Rφr± r0)
e∓iφψK,2(Rφr± r0)
)
= 0 , (18)
where r0 =
1
3 (a1 − a2). Since at α = 0 we have
ψK(r) = (1, 0) this implies for the zero-mode components
at arbitrary α
ψK,1(Rφr± r0) = ψK,1(r± r0) , (19)
ψK,2(Rφr± r0) = e±iφψK,2(r± r0) . (20)
The second equation implies that ψK,2(r) = 0 at r = ±r0
for arbitrary α. Now to relate appearance of zeros in
5ψK(r) to zeros of the renormalized Fermi velocity, we
notice that the Fermi velocity is proportional to an inte-
gral of motion of the operator D(r)[48]
v(α) = ψK,1(r)ψK,1(−r) + ψK,2(r)ψK,2(−r) , (21)
where v(α) does not depend on coordinates and from (8)
we see that vF (α) ∼ v(α). Using that ψK,2(±r0) = 0 we
find
vF (α) ∼ ψK,1(r0)ψK,1(−r0) . (22)
And one can see from the equations of motion near the
point r = −r0 that ψK,1(−r0) can not be zero. Therefore
vF (α) = 0 means that ψK,1(r0) = 0 and vice versa. Thus
we finally obtain that vF (α) = 0 implies the existence of
an absolutely flat band, whose wave functions are given
by (17).
The appearance of zeros in vF (α) is not surprising,
since this is just a real function of a single parameter.
By varying this parameter one hopes that vF (α) crosses
zero at some value of α. To check analytically that this
actually happens in our model near α1 ≈ 0.586 we use
perturbation theory in α.
Perturbation theory in α. K point. One can analyze
the zero mode equation (5) using perturbation theory in
α, namely the spinor ψK(r) should have the form
ψK(r) =
(
ψK,1
ψK,2
)
=
(
1 + α2u2 + α
4u4 + . . .
αu1 + α
3u3 + . . .
)
.
(23)
In general we can find un(r) step by step to arbitrary
order in α. Limiting ourselves to the first lowest terms
we find
u1 = −i(eiq1r + eiq2r + eiq3r) ,
u2 =
i√
3
e−iφ(e−ib1r + eib2r + ei(b1−b2)r) + c.c. (24)
And perturbation formula for the renormalized Fermi ve-
locity reads
vF (α) =
1− 3α2 + α4 − 111α649 + 143α
8
294 + . . .
1 + 3α2 + 2α4 + 6α
6
7 +
107α8
98 + . . .
. (25)
This expression gives for the first magic angle α1 ≈ 0.587,
which is very close to the precise value α1 ≈ 0.586.
Therefore the perturbation theory for small α quanti-
tively explaining the appearance of α1. Note that up to
α2, vF ≈ (1 − 3α2)/(1 + 6α2) was reported in a model
with w0 = w1 [35].
Γ point. In our notations the Γ point corresponds to
k = q1 in (6). The symmetries of the Hamiltonian (4)
imply that χΓ(r) = λασxψΓ(r), where λα = ±1, more-
over one can also obtain that ψΓ,2(r) = iµαψΓ,1(−r),
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FIG. 4. Band gap evolution in the flow from CS-CM (w0 = 0)
to BM-CM (w0 = w1) model. The first magic angle (red dots)
remains stable throughout all the region, α1 ≈ 0.58, while
both the second magic angle (blue dots) and the correspond-
ing band gap experiences oscillations and discontinuities. The
numbers with the dotted lined signify the local values of an
approximate magic angle for the give w0/w1.
where µα = ±1. Using the last equality and the equa-
tion (8) one immediately finds that the velocity at the
Γ point is exactly zero, which means that the Γ point is
the extremum for all bands. Finally using all symmetry
relations we find that the whole spectrum at the Γ point
is characterized by two equations
2∂¯ψΓ,1 ∓ αU(r)ψΓ,1(−r) = εΓψΓ,1(−x, y) , (26)
where the ”−” captures all odd magic angles and ”+” all
even. One can study the equations (26) perturbatively
for small α and find for the energy at the Γ point (which
equals to half-bandwidth [49])
εΓ = 1− 2α+ α
2
3
+
2α3
9
+
5α4
54
+ . . . , (27)
and the wave function
ψΓ,1(r) = U(−r) + α
3
U(2r) +
α2
18
(
(2 − eiφ)U(−
√
7Rγr)
+ (2− e−iφ)U(−
√
7R−γr)− 4U(2r)
)
+ . . . ,
(28)
where Rγr is a counterclockwise rotation on angle γ with
tan(γ) =
√
3/5. We see that the equation (27) gives
α1 ≈ 0.585.
Turning on w0. We turn on the w0 terms in the T (r)
matrix (3), but still neglect relative rotations in the ki-
netic terms σ±θ/2 → σ. Then the dimensionless Hamil-
tonian has the form
Hw0 = H+ (w0/w1)σ0 ⊗ V (r) , (29)
where
V (r) =
(
0 U0(r)
U∗0 (r) 0
)
, (30)
6and U0(r) = e
−iq1r+e−iq2r+e−iq3r. We present numer-
ical dependence for the gap between the lowest band and
the next excited band at the first two magic angles as a
function of w0/w1 (see Fig. 4). Importantly, for the first
magic angle the band gap vanishes at w0 = w1.
Relevance to Experiments. We briefly discuss the im-
portance of our model for experiments. First, we notice
analytically and verify numerically that the first magic
angle remains almost unchanged (α1 ≈ 0.586) even if w0
is continuously tuned on to approach the BM-CM mod-
els. In CS-CM model, however, the value of the first
magic angle is 1.09◦ vs 1.05◦ in BM-CM. The former,
perhaps fortuitously, is closer to the value reported in
experiments [1, 2]. It is important to make connection
with Ref.[24], where it was argued that lattice relaxation
effects shrinks the AA regions, thus reducing the value of
w0 by approximately 20%. Also we note, that due to fi-
nite and relatively large gap to the higher bands observed
experimentally [1, 2] qualitatively resembles the CS-CM
model. Furthermore, we predict the second magic an-
gle (the angle where both the bandwidth has minimum
and the band gap has maximum), occurs around α2 ≈ 2,
which converts to θ ≈ 0.22◦-0.29◦, depending on the pre-
cise value of the ratio w0/w1. It would be interesting to
search for this angle in future experiments.
Discussion. - In this paper, we introduced a variant
of the continuum model used to describe TBG, and show
that the notion of magic angles acquires a remarkably ro-
bust character visible in several properties including the
perfect flatness of the band at neutrality. We showed
that the existence of the flat band is related to the ap-
pearance of zeros in the real space Bloch wave functions
at the moire K (Dirac) point. Given that the model has
flat bands, the appearance of the first magic angle can
be precisely captured in perturbation theory in α, i.e.
we find α when the bandwidth goes to zero. With chiral
symmetry, the single valley band structure is known to
be anomalous [3] (surface state of a three dimensional
topological insulator in class AIII) which is only permit-
ted since we begin with a continuum rather than a lattice
model. The role of this anomaly in the flat band phenom-
ena would be of great interest to explore. Our minimalis-
tic model lies within a general class of continuum models
for TBG allowed by symmetries. Other models (such as
e.g. [35, 39]) can be viewed as including perturbation
on top of our model. The flat band model captures the
essence of the flatness phenomena and thus the source of
magic angles in a convenient way, and points to a rich
underlying mathematical structure, uncovering which is
left to future work.
Acknowledgments. - We thank Bertrand Halperin
and Subir Sachdev for useful comments. A. V. would
like to thank Adrian Po, Liujun Zhou, T. Senthil and
YiZhuang You for several discussions on TBG. G.T. was
supported by the MURI grant W911NF-14-1-0003 from
ARO and by DOE grant de-sc0007870. A.J.K. was sup-
ported by the Swiss National Science Foundation’s grant
P2ELP2 175278. A.V. was supported by a Simons Inves-
tigator award and by nsf-dmr 1411343.
[1] Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi,
E. Kaxiras, and P. Jarillo-Herrero, “Unconventional su-
perconductivity in magic-angle graphene superlattices,”
Nature, vol. 556, pp. 43–50, mar 2018.
[2] Y. Cao, V. Fatemi, A. Demir, S. Fang, S. L. Tomarken,
J. Y. Luo, J. D. Sanchez-Yamagishi, K. Watanabe,
T. Taniguchi, E. Kaxiras, R. C. Ashoori, and P. Jarillo-
Herrero, “Correlated Insulator Behaviour at Half-Filling
in Magic Angle Graphene Superlattices,” Nature Publish-
ing Group, vol. 556, no. 7699, pp. 80–84, 2018.
[3] H. C. Po, L. Zou, A. Vishwanath, and T. Senthil, “Ori-
gin of Mott insulating behavior and superconductivity in
twisted bilayer graphene,” pp. 1–32, 2018.
[4] A. Thomson, S. Chatterjee, S. Sachdev, and M. S.
Scheurer, “Triangular antiferromagnetism on the honey-
comb lattice of twisted bilayer graphene,” jun 2018.
[5] L. Zou, H. C. Po, A. Vishwanath, and T. Senthil, “Band
Structure of Twisted Bilayer Graphene: Emergent Sym-
metries, Commensurate Approximants and Wannier Ob-
structions,” pp. 1–17, 2018.
[6] F. Guinea and N. R. Walet, “Electrostatic effects and
band distortions in twisted graphene bilayers,” arXiv
Mesoscale and Nanoscale Physics, pp. 1–7, jun 2018.
[7] F. Guinea and N. R. Walet, “Electrostatic effects and
band distortions in twisted graphene bilayers,” pp. 1–9,
jun 2018.
[8] S. Carr, S. Fang, P. Jarillo-Herrero, and E. Kaxi-
ras, “Pressure dependence of the magic twist angle in
graphene superlattices,” pp. 1–6, 2018.
[9] Y. Su and S.-Z. Lin, “Spontaneous vortex-antivortex lat-
tice in superconducting twisted bilayer graphene,” pp. 1–
9, 2018.
[10] J. Gonza´lez and T. Stauber, “Kohn-Luttinger supercon-
ductivity in twisted bilayer graphene,” pp. 1–10, 2018.
[11] F. Wu, T. Lovorn, E. Tutuc, I. Martin, and A. H. Mac-
Donald, “Layer pseudospin skyrmions and topological
moire´ bands in twisted homobilayers,” pp. 1–8, jul 2018.
[12] D. K. Efimkin and A. H. MacDonald, “Helical Network
Model for Twisted Bilayer Graphene,” pp. 1–6, 2018.
[13] J. Peng and J.-S. Wang, “Current-Induced Heat Transfer
in Double-Layer Graphene,” vol. 12, no. May, 2018.
[14] N. F. Q. Yuan and L. Fu, “A Model for Metal-Insulator
Transition in Graphene Superlattices and Beyond,” 2018.
[15] C. Xu and L. Balents, “Topological Superconductivity in
Twisted Multilayer Graphene,” no. 1, pp. 1–6, 2018.
[16] E. Riccardi, O. Kashuba, M. Cazayous, A. Sacuto, and
Y. Gallais, “Raman Scattering as a Selective Probe
of Chiral Electronic Excitations in Bilayer Graphene,”
pp. 1–17, may 2018.
[17] M. Ochi, M. Koshino, and K. Kuroki, “Possible cor-
related insulating states in magic-angle twisted bilayer
graphene under strongly competing interactions,” 2018.
[18] H. K. Pal, “On magic angles and band flattening in
twisted bilayer graphene,” pp. 1–6, may 2018.
7[19] F. Wu, A. H. MacDonald, and I. Martin, “Theory of
phonon-mediated superconductivity in twisted bilayer
graphene,” vol. 1, no. 3, pp. 1–6, 2018.
[20] Y.-h. Zhang, D. Mao, Y. Cao, P. Jarillo-Herrero, and
T. Senthil, “Moire´ Superlattice with Nearly Flat Chern
Bands: Platform for (Fractional) Quantum Anoma-
lous Hall Effects and Unconventional Superconductivity,”
2018.
[21] X.-c. Wu, K. A. Pawlak, C.-m. Jian, and C. Xu, “Emer-
gent Superconductivity in the weak Mott insulator phase
of bilayer Graphene Moir\’e Superlattice,” pp. 1–6, 2018.
[22] J. Kang and O. Vafek, “Symmetry, maximally localized
Wannier states, and low energy model for the twisted
bilayer graphene narrow bands,” pp. 1–9, may 2018.
[23] J. M. Pizarro, M. J. Caldero´n, and E. Bascones, “The
nature of correlations in the insulating states of twisted
bilayer graphene,” no. Icmm, 2018.
[24] M. Koshino, N. F. Q. Yuan, T. Koretsune, M. Ochi,
K. Kuroki, and L. Fu, “Maximally-localized Wannier or-
bitals and the extended Hubbard model for the twisted
bilayer graphene,” pp. 1–11, may 2018.
[25] D. M. Kennes, J. Lischner, and C. Karrasch, “Strong
Correlations and d+id Superconductivity in Twisted Bi-
layer Graphene,” pp. 1–5, may 2018.
[26] H. Isobe, N. F. Q. Yuan, and L. Fu, “Superconductivity
and Charge Density Wave in Twisted Bilayer Graphene,”
pp. 1–15, may 2018.
[27] L. Rademaker and P. Mellado, “Charge-transfer insula-
tion in twisted bilayer graphene,” pp. 1–6, 2018.
[28] J.-B. Qiao and L. He, “Heterostrain engineering on
twisted graphene bilayer around the first magic angle,”
arXiv, pp. 1–23, may 2018.
[29] M. Zarenia, A. R. Hamilton, F. M. Peeters, and D. Neil-
son, “Sign Reversal of Electron-Hole Coulomb Drag
in Double Bilayer Graphene Heterostructures,” vol. 1,
pp. 1–5, jun 2018.
[30] T.-f. Chung, Y. Xu, and Y. P. Chen, “Transport measure-
ments in twisted bilayer graphene: Studies of electron-
phonon coupling and Landau level crossing,” arXiv Con-
densed Matter, pp. 1–35, may 2018.
[31] M. Fidrysiak, M. Zegrodnik, and J. Spa lek, “Unconven-
tional topological superconductivity and phase diagram
for a two-orbital model of twisted bilayer graphene,”
pp. 1–6, 2018.
[32] T. J. Peltonen, R. Ojaja¨rvi, and T. T. Heikkila¨, “Mean-
field theory for superconductivity in twisted bilayer
graphene,” pp. 1–7, 2018.
[33] P. Cazeaux, M. Luskin, and D. Massatt, “Energy
minimization of 2D incommensurate heterostructures,”
vol. 66049, pp. 1–29, jun 2018.
[34] K. Wang, T. Hou, Y. Ren, and Z. Qiao, “Enhanced Ro-
bustness of Zero-line Modes in Graphene via a Magnetic
Field,” vol. 1, pp. 1–5, 2018.
[35] R. Bistritzer and A. H. MacDonald, “Moire bands in
twisted double-layer graphene,” Proceedings of the Na-
tional Academy of Sciences, vol. 108, pp. 12233–12237,
jul 2011.
[36] R. Bistritzer and A. H. MacDonald, “Moire´ butterflies
in twisted bilayer graphene,” Physical Review B - Con-
densed Matter and Materials Physics, vol. 84, no. 3,
pp. 1–4, 2011.
[37] J. M. B. Lopes dos Santos, N. M. R. Peres, and A. H.
Castro Neto, “Continuum model of the twisted graphene
bilayer,” Phys. Rev. B, vol. 86, p. 155449, Oct 2012.
[38] S. Shallcross, S. Sharma, E. Kandelaki, and O. A.
Pankratov, “Electronic structure of turbostratic
graphene,” Physical Review B - Condensed Matter and
Materials Physics, vol. 81, no. 16, 2010.
[39] J. M. B. Lopes dos Santos, N. M. R. Peres, and A. H.
Castro Neto, “Graphene Bilayer with a Twist: Electronic
Structure,” Physical Review Letters, vol. 99, p. 256802,
dec 2007.
[40] Z. Song, Z. Wang, W. Shi, G. Li, C. Fang, and B. A.
Bernevig, “All magic angles are stable topological,”
arXiv preprint arXiv:1807.10676, 2018.
[41] K. Hejazi, C. Liu, H. Shapourian, X. Chen, and L. Ba-
lents, “Multiple topological transitions in twisted bilayer
graphene near the first magic angle,” arXiv preprint
arXiv:1808.01568, 2018.
[42] H. C. Po, L. Zou, T. Senthil, and A. Vishwanath, “Faith-
ful Tight-binding Models and Fragile Topology of Magic-
angle Bilayer Graphene,” ArXiv e-prints, Aug. 2018.
[43] P. San-Jose, J. Gonza´lez, and F. Guinea, “Non-abelian
gauge potentials in graphene bilayers,” Phys. Rev. Lett.,
vol. 108, p. 216802, May 2012.
[44] F. D. M. Haldane and E. H. Rezayi, “Periodic laughlin-
jastrow wave functions for the fractional quantized hall
effect,” Phys. Rev. B, vol. 31, pp. 2529–2531, Feb 1985.
[45] A different anti-unitary particle hole symmetry is real-
ized by neglecting ±θ/2 rotations in the kinetic terms
σ±θ/2 → σ, [40, 41] which is not considered here.
[46] A general solution is ηk,1(r) = f(z)/ρK(r). Since the
function f(z) must obey Bloch-periodic boundary condi-
tions it can be non-trivial only if it has poles, but obvi-
ously ρK(r)ηk,1(r) is free of poles, so the only possible
solution is f(z) = 0.
[47] D. Mumford, “Tata Lectures on Theta I,” Progress in
Mathematics, vol. 28, pp. XIII, 240, 1983.
[48] One can derive it by multiplying equations in (5) by
ψK,1(−r) and ψK,2(−r) and adding to them their re-
versed counterparts.
[49] We find numerically that in the model with w0 = 0 the
energy at the Γ point is a global maximum of the lowest
band.
